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Abstract. We prove a family of identities that involve the solution u to the 
following Cauchy problem: 

idtu + Aw = 0, «(0) = f{x), (t, x) 6 Rt x R™, 

and the H 2 (R n )-norm of the initial datum /. As a consequence of these 
identities we shall deduce a lower bound for the local smoothing estimate 
proved in [3], [8] and [9] and a uniqueness criterion for the solutions to the 
Schrodinger equation. 



This paper is devoted to the study of the following Cauchy problem: 

(0.1) id t u + Au = 0, u(0) = f(x), (t, x) G R t x R", n > 1. 

It is well-known that the solution to (0.1) satisfies the local smoothing estimate 
(see [3], [8] and [9]): 

(0.2) sup - / / \Vu\ 2 dxdt<C\\f\\ 2 , V/6ii(R"), 

fle(0,oo) n J-oc Jb r HI ( a J 

where Br denotes the ball in R™ centered in the origin of radius R, V denotes the 
gradient with respect to the space variables and (R n ) is the usual homogeneous 
Sobolev space. 

Let us recall that the estimate (0.2) has played a crucial role in the study of the 
nonlinear Schrodinger equation with nonlinearities involving derivatives (see [4]). 

Some questions can be raised in connection with the local smoothing stated 
above. It is natural to ask whether the l.h.s. in (0.2) can be bounded from below 
in the following way: 

(0.3) sup 4 r° / \Vu\ 2 dxdt > c\\f\\ 2 . 



flG(0,oo) R J -co J B R Ha(R«) 

where as usual u(t, x) solves (0.1) with initial datum / and c > is a suitable 
constant. Notice that an estimate of this type implies that (0.2) is an equivalence 
more than an inequality. 

Another natural question connected with (0.2) concerns the behaviour at infinity 
of the following function: 



F f : (0,oo)9i?^i r f |V 

n J -co JB R 



u\ 2 dxdt £ (0, oo), 
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where as usual u(t, x) is the unique solution to (0.1). In fact, in the best of our 
knowledge, it is not known whether the following implication is true: 



(0.4) liminfF / (i?) = 0=>/ = 0. 

Notice that a positive answer to (0.4) gives a uniqueness criterion for the solutions 
to the Schrodinger equation. 

As a by product of the results of this paper, we can deduce that (0.3) and (0.4) 
are true. 

In order to state our basic result we have to fix some notations. 
Notation. For any seR and for any n G N, the spaces £P(R") shall denote the 
homogeneous Sobolev spaces of order s, whose norm is defined as follows: 

11/11^=/ l/(?)| 2 |£| 2s ^, 
Jr.™ 

where 

f(0 := / e- 2 ™Zf(x)dx. 

In the case s — we shall also use the notation H a (R n ) = L 2 (R n ). 
We shall denote by iS(R") the Schwartz functional space. 

If / G C°°(R"), then d r f and V T / denote respectively the radial derivative of 
/ and the tangential part of the full gradient V/. 

If z = x + iy G C is a complex number, then IZe z and Im z shall denote its 
real and imaginary part. We shall denote by z its complex conjugate number, i.e. 
z = x — iy. 

For any R > we shall denote by Br the ball of R™ centered in the origin of 
radius R. 

We can now state the basic theorem of this paper. 

Theorem 0.1. Let ip G C°°(R™) be a real-valued and radially symmetric function 
such that: 

(1) the following estimates hold: 

\8M\x\)\, \d^(\x\)\, |c^(|x|)| < C \P(\x\)\ V\x\ G R+ 

where C > and P(|x|) is a polynomial; 

(2) the following limit exists: 

lim d r ib(\x\) := ip'(oo) G (—00,00). 

|a;|^oo 



Then we have the following identity: 

lim I I Vu(t,x)D 2 -0(x)Vu(t,x) 



(0.5) 



\u(t,x)\ 2 A 2 ^(x) 



dtdx 



= 27rV'(oo)||/||^ (Rn) V/eS(R"), 

where u(t, x) is the unique solution to (0.1) with initial datum f, D 2 ip is the hessian 
matrix ( d ^.g x . j and A 2 denotes the bilaplacian operator. 
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Remark 0.1. Let us point out that already the existence of the limit in the l.h.s. 
in (0.5) is not a trivial fact, thus its existence must be considered as a part of the 
statement. 

Remark 0.2. Let us recall that in [2] the authors were able to show an inequality 
between the l.h.s. and the r.h.s. of (0.5). Then, the main point in (0.5) is that it 
represents an identity and not only an inequality. 

Remark 0.3. The identity (0.5) can be exploited in many ways. One possibility is to 
choose in (0.5) a function ip such that: it satisfies all the assumptions of the theorem 
0.1, it is convex and A 2 ip(x) < for any x G R". This was the main strategy used 
in [2] in order to prove the local smoothing estimate (0.2) in dimension n > 3 and 
in presence of a potential type perturbation. Notice that in this way it is possible 
to give a proof of (0.2), at least in dimension n > 3, which does not involve the 
Fourier transform, that was a basic tool in [3], [8] and [9]. However in the sequel 
we shall exploit (0.5) in a different direction by taking the advantage of the fact 
that it is an identity. 

Remark 0.4. Let us notice that the identities proved in [5] in dimension n > 3, 
follow from the general identity (0.5) by choosing tp(\ x \) = \ x \- If is clear that this 
choice for the function tp(\x\) is not a-priori allowed since x —>■ \x\ is not a C°° 
function. However to overcome this difficulty we can choose in (0.5) the functions 
V>(M) ="0e(M) = \A 2 + M 2 an d to take the limit for e — > in the corresponding 
identities. 

As consequence of theorem 0.1 we get the following result in the spirit of those 
given in [1]. 

Corollary 0.1. Assume that n > 1 and u(t,x) solves (0.1) with initial datum f, 
then the following identity holds: 

(0.6) Hm- / \d r u\ 2 dxdt = 2K\\f\\ 2 h V/GiH(R"), 

-R^oo H J_ 00 J Br (R™) 

and in particular 

(0.7) sup i ^ f \Wu\ 2 dxdt>2-K\\ft L. V/GiH(R"). 

If moreover we assume that u(t, x) satisfies the following condition: 
(0.8) liminf-5- / / \Vu\ 2 dxdt = 0, 

R^oo R J_ oc J Br 

then u(t, x) = 0. 

Remark 0.5. Notice that the existence of the limit in (0.6) is not a trivial fact and 
it must be considered as a part of the statement. 

The rest of the paper is organized as follows: section 1 is devoted to the proof 
of theorem 0.1 while in section 2 we shall prove corollary 0.1. 
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1. Proof of Theorem 0.1 

Let us start this section with the following 

Lemma 1.1. Ifu(t 7 x) is the unique solution to (0.1) where f e S(R n ), andip{\x\) 
is as in theorem 0.1, then: 

(1.1) lim 1m / u(t,x)Vip(x)Vu(t,x)dx = ±27n//(oo)||/|| 2 1 

Proof. In the proof we shall need the following asymptotic formula for the solution 
u(t,x) to (0.1) with initial datum / e S(R n ): 



(1.2) 



lim 

t— »±oo 



u(t, x) ~ e ^/ 4 



±i Ml 
e 4* 



(47Tt)™/ 2 V 4 *"l* 



f ± 



0. 



L 2 (R" 



see [7] for a proof. 

We first compute the limit in (1.1) as t — * +oo. By using (1.2) we get 

lim \\u(t,x) - v(t,x)\\ L 2, Rn) = 0, 

t— >oo 

where := e-Wj^f (^). 

On the other hand if u satisfies (0.1), then its partial derivatives djU are still 
solutions of (0.1) with Cauchy data djf, for any j = 1, n. 

We can then apply again (1.2) in order to deduce the following fact: 

lim \\dju(t,x) - w J (t,x)\\ L 2 {R r l) = V j = 1, ...,n, 



where 



iOj-(t,a:) := e"^/ 4 



(47rt)™/ 2 2i J V47Tt/ ' 



Notice that we have used the identity = 27ri£j/(£). Wc can now easily 

deduce that 

lim / [u(t,x)dju(t,x) — v(t, -)wj(t, .)]4>j(x)dx = 



V(f)j £ L°°(R n ),j = 1, ...,n. 



In particular if we choose 0j(a;) = 9,.-0(|x|) ^ , then we have: 
lim Im / u(t,x)Vil)(x)S7u(t,x)dx 



lim ImV / x)dju(t, x)-^-d r ip(\x\)dx 

3=1 R " 

: ^lim Jto y v(t,x)uij(t, x)yt-d r ip(\x\)dx 

& I " , USFjL.^I / (s*)r' W(W>fc 
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The previous chain of identities, combined with the change of variable formula, 
imply: 



lim Im / u(t,x)Vtp(x)\7u(t,x)dx 

;^oo J Rn 



2ir lim 

t^oo 



\y\\f(y)\ 2 dMM\y\)dy = 2^'(oo) / \y\\f(y)\ 2 dy 



R" 



R" 



The limit as t — ► — oo in (1.1) can be computed in a similar way by exploiting 
(1.2) in the case t —> — oo. 

□ 

Proof of theorem 0.1. Following [2] we multiply (0.1) by 

and we integrate by parts. 

Let us start by writing the following identities: 



id t u ( -Aipu + VipVu 



— [div(Vipud t u) — uVtpVdtii — dtuVifrVu] 
+id t (uVV>Vw) - iuVtpVd t u 



= -div(\7tpud t u) + idt(wVV'Vu) 
i ( ^u\7^\7d t u + ^dtuVipVu + uVipVd t u 



Taking the real part in the previous identity we get: 

1 



Tie id t u [ -Aipu + V^Vu 



= Tie i 



-div(Vipudtu) + dt(uVtl>Vu) 



+Tm ( ^uVipVd t u + ^9 t uV 'ipV 'u + u\7ip\7d t u 



Tie i 



1 



-div(Vipud t u) + d t (uVipVu) 



+ -Im (dtuVipVu + uVipVdtii) 



1 



Tie i | -div{X7ipud t u) + d t (uVtpVu) 



^Zm d t (u\7ip\7u) 



If we integrate this identity on the strip (-T, T) x R™ and we use the divergence 
theorem together with the assumptions done on the growth of the derivatives of ip, 
then we get: 



(1.3) 



TZe 



T JR" 



w<: </ ( ^Atpu + VV'Vu ) (I rill 



= -\lm J2 ± f W>Vu(±T, >(±T, .)dx. 
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On the other hand we have: 
Tie 



Au ( + ^Aipu 



= Tie [div (Vm(V^Vu)) - VwV(VV>Vw) 
+ ^div (Vu(Atp(x)u)) - ivwV(uA-0) 



= Tie 



div (Vu(VV'Vu)) + -div (Vu(Aipu)) 



-VuD 2 uVip - VuD 2 ipVu - i| Vu\ 2 Atp - (VuV(A?/>)) 



= Tie 



div (Vu(V?/>Vu)) + -div (Vu(Atpu)) 



-iv(|Vu| 2 )W> - VuD 2 ipVu - i|Vw| 2 A?A - iv(M 2 )V(A?A) 



Tie 



div (Vu(V^VtZ)) + -dw (Vu(A^(x)u)) 



-idw(|Vu| 2 Vi/>) + i|Vu| 2 A7/; - \7uD 2 *p\7u 

-i|Vu| 2 A^ - idiu ((|u| 2 )V(AV')) + ^|w| 2 A 2 V 

If we integrate this identity on the strip (— T, T) x R™ and we use the divergence 
theorem as above, then we get 



(1.4) 



Tie 



fl 

J-T JR" 



Aii { V^Vu+ -Ai/ju ) d.rdl 



T JR 



-VuD z ipVu+ -|u| 2 A 2 V ) dxdt. 



As a consequence of the identities (1.3) and (1.4), we can deduce the following 



one: 



(1.5) 



J J ^\7uD 2 ^\7u-j\u\ 2 A 2 i?jdtdx 

= ~lmy2±[ u(±T, .) VV>Vu(±T, .)dx. 
2 ± Jr.™ 

By taking the limit as T — > oo in (1.5) and by using lemma 1.1, we can deduce 
the desired result. 

□ 
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2. Applications 

This section is devoted to the proof of corollary 0.1. 

In order to do to that we shall need the following lemma. 

Lemma 2.1. Assume that f G <S(R") is such that: 

(2.1) f(0 = V£ = (a, ...,&) G R| 161 < eo = eo(/) w/iere e > 0. 
Ifu(t,x) is the corresponding solution to (0.1), then: 

(2.2) lim ^ [ ^I^)L\d r 4, R {\x\)\dxdt = 0, 
R ^°° J -oo Jr» FI 



(2.3) lim / / \u{t,x)\ z \A z (j) R (\x\)\dxdt = 0, 



R^oo 



oo JH 



where (f>(\x\) G C°°(R™) is any radially symmetric function such that: 
d r <t>(\x\) < C, \A 2 <f>(\x\)\ < - C . ... Vx G R", 



(i+\ x \r 



and <j>ii(\x\) := R<fi (^jf) . 



Proof. Notice that (2.2) follows by combining the following implication: 

V v\ 2 

u solves (0.1) with / G <S(R n ) ^ T G L^R* x R"), 

FI 

whose proof can be found in [5] (see also remark 0.4), with the following trivial 
fact: 

lim d r <t> R {\x\) = d r (f>(0) = Vx G R™, 

R — >oo 

where we have used the radiality of 4>(\x\). 

Next we shall show (2.3). Let us introduce the unique function g G <S(R n ) such 
that: 

m = |§ ve g r? 

and let us consider the unique solution v(t, x) to (0.1) with inital datum given by 
9{x). 

It is easy to check that d Xl v(t, x) — u(t,x). We can then apply (0.2) to the 
solution v(t, x) in order to get: 



(2.4) 1 f f \u(t,x)\ 2 dxdt = ^ f f \d Xl v(t,x)\ 2 dxdt 

ttJ-ooJBR ttJ-oaJBa 

<C\\g\\ 2 . i <ooVi?>0. 
Notice that due to the assumption done on (f>(\x\) we get: 



/OO {• 1 {• OO {• 

\ \u(t,x)\ 2 \A 2 $ R (\x\)\dxdt=—^ \ \ 
-oo JR." 11 J-oo JR" 

- C \^r I nt,x)\ 2 dxdt+jr r f 

\ -K J-ooJ\x\<l 7~,J-ooJZ 



u(t,x)\ 2 



dxdt 



m^)i 2 

|x|<l ' V ^ i-oo A*<|x|<2.#+1 ( 2J +-R) 3 



dxdt 
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that due to (2.4) implies: 

(2.5) ^ f \u(t,x)\ 2 \A 2 <j> R (\x\)\dxdt 



< 



c I 1 i y 2J+1 

1 ^ u {23+R) *y 



On the other hand it is easy to show that 

j=0 

that in conjunction with (2.5) implies (2.3). 



□ 



Remark 2.1. Let us notice that (2.3) follows, at least in dimension n > 4, from the 
following inequality: 

r°° r id 2 

(2.6) J LLdxdt < C\\f\\ Ai(Rn) Vn > 4 

whose proof can be found in [5] . 

Proof of corollary 0.1. First of all we show that (0.6) implies (0.7): 

sup -5 / / \X7u\ 2 dxdt > sup -5 / / |9 r u| 2 c?a;c?t 

Re(0,<x) R J -oo J B R Re(0,oo) R J -00 J B R 

> lim 4 / / ia r u| 2 dx^ = 27r||/|| 2 x 
On the other hand if we assume (0.8), then by (0.6) we get: 

= liminf — f [ \Vu\ 2 dxdt > liminf — [ [ \d r u\ 2 dxdt 

= lim - / / |a r u| 2 dx* = 27r||/|| 2 ! 

R^RJ-ooJbk 1 ' J? 2 (R n ) 

then / = and in particular w(i, x) = 0. 

Next we shall prove (0.6) assuming that the initial datum / is such that / £ 
iS(R") and moreover it satisfies condition (2.1). It is easy to show, by combining 
a density argument with (0.2), that this regularity assumption done on / can be 
removed. 

For any k £ N we fix a function hk{r) £ C§°(R; [0, 1]) such that: 

k + 1 

h k {r) = 1 Vr e R s.t. \r\ < 1, h k (r) = Vr £ R s.t. \r\ > — — , 

hfc(r) = hk(-r) Vr e R. 
Let us introduce the functions ipk (r) , #fc ( r ) € C°° (R) : 



p v rr 

(r) = / (r — s)hk(s)ds and i?fc(r) := / hk(s)ds 
Jo Jo 
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Notice that 

poo 

(2.7) VfcW = /ife(r), VfeW = H k (r)Vr G R and lim r */; fc (r) - / 
Moreover an elementary computation shows that: 



(2.8) 



C 

A 2 ip k (\x\) = — Vi6R" s.t. \x\ > 2 and n > 2, 



where A 2 is the bilaplacian operator, while in the one dimensional case, i.e. for 
n = 1 , we have: 

di%l> k {\x\) = Vx G R s.t. |cc| > 2. 

Thus the functions <j> = ip k (\x\) satisfy the assumptions of lemma 2.1 in any 
dimension n > 1. 

In the sequel we shall need the rescaled functions 



ipk,R(\ x \) '■= R ^k 



Vx G R n ,fc G N and i? > 



and we shall exploit the following elementary identity: 



VuL> 2 i/A7u = <9 2 VKM)|d r u| 2 + 



dM\x\) 



V T w| 



where VaN) is an Y regular radial function and u is another regular function. 

By combining this identity with (0.5), where we choose VKM) = i , k,R{\%\)> an d 
recalling (2.7) we get: 



(2.9) 



oo J R, 



d 2 r ^n\d r u\ 2 + ^f^\V T u\ 2 hu\ 2 A^ k , R 
\x\ 4 



dxdt 



= 2tt QH h k (a)cb) ll/ll^ i(RB) Vfc e N, R > 0. 

By using (2.2) and (2.3) where we make the choice 4>(\x\) = tp k {\x\) we get 

V T u| 2 „ , 1 



(2.10) 



lim 



oo JR 



-d r ip k ,R - Vfc.flM 



dtdx = Vfc e N. 



We can combine now (2.9) with (2.10) in order to deduce 

(2.11) lim ^ [ d 2 ^ k . R \d r u\ 2 dxdt = 2tt ( [°° h k (s)ds) ll/H 2 . , Vfc G N. 
On the other hand, due to the properties of /i/j, we get 

- I / |<9 r u| 2 dxdt < / / d 2 tp kM \d r u\ 2 dtdx 

R J -oo JB n J -co JR" 



1 

R 



-OO J Br 

h k 



\d r u\ dtdx < 



oo JR' 
1 

R 



\d r u\ 2 dxdt 



that due to (2.11) implies: 

(2.12) limsupiy jf \d r u\ 2 dxdt<2TT^ h k (s)ds^ ||/||^i (Rn 
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< — — — lim inf — 

k R-kx> R 



\d r u\ 2 dxdt Vfc g N. 



Since k G N is arbitrary and since the following identity is trivially satisfied: 

/•OC 

lim / hk(s)ds = 1, 
k ^°° Jo 



we can deduce easily (0.6) by using (2.12). 
The proof is complete. 



□ 
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